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ECE220 — Electromagnetics
Dr. Yazan Allawi (YMAIllawi@pnu.edu.sa)

Tutorial - 4

Electrostatics

Chapter 4: Electrostatic Fields — Part 11
Summary

7. The total work done, or the electric potential energy, to move a point charge Q from
point A to B in an electric field E is

W= —Q[:E-dl

8. The potential at r due to a point charge Qat r’ is

Q

dme,lr — r'|

V(r) = +C

where C is evaluated at a given reference potential point; for example, C = 0 if
V(r — =) = 0. To determine the potential due to a continuous charge distribu-
tion, we replace Q in the formula for point charge by dQ = p, dl, dQ = p; dS, or
dQ = p, dv and integrate over the line, surface, or volume, respectively.

9. If the charge distribution is not known, but the field intensity E is given, we find the
potential by using

V= —I E-dl+C
L
10. The potential difference V5, the potential at B with reference to A, is
B
V"--.[ E-dl-iv-- V-V,
A Q

11. Since an electrostatic field is conservative (the net work done along a closed path ina
static E field is zero),

{E-dl=0
L

V X E=0 (second Maxwell equation to be derived)
12. Given the potential field, the corresponding electric field is found by using
E=-VV

13. For an electric dipole centered at r’ with dipole moment p, the potential at r is
given by

_ P (r=1r)
Vie) = dmer—r'|?

14. The flux density D is tangential to the electric flux lines at every point. An equipoten-
tial surface (or line) is one on which V = constant. At every point, the equipotential
line is orthogonal to the electric flux line.

15. The electrostatic energy due to n point charges is

I n
W, = '2‘ 2 QVi

k-l

For a continuous volume charge distribution,
W, = 'I D-Edv= 'J IE| dv
e 1 ~%3 ,e"

16. Electrostatic discharge (ESD) refers to the sudden transfer of static charge
between objects at different electrostatic potentials. Since all semiconductor
devices are regarded as ESD sensitive, a good understandng of ESD is required
in industry.
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Textbook Practice Exercises

PRACTICE EXERCISE 4.10 v =3 _ 9% .
= 4ze, | r—r, |
If point charge 3 pC is located at the origin in addition to the two charges of Example | 4 p(x)=0, c=0 P
4.10, find the potential at (—1,5,2), assuming V() = 0. ’ V(-1.5.2)= 10 — = — i+i]
|r—r|=(-1.5.2)-(2.-1.3) |=/46 ir (&) J_ JVig 30
Answer: 10.23 kV. |r—r = (-1.5.2)—(0.4.-2) [= /18
|F =1 = (-1.5.2) - (0.0.0) = /30 = 1023 kv
A point charge of 5 nC is located at (—3, 4, 0), while line y = 1, z = 1 carries uniform
charge 2 nC/m.
(a) fV=0Vat0(0,0,0), find Vat A(5,0,1).
(b) IfV=100VatB(1,2,1), find Vat C(—2,5,3).
(c) Ifv=—-5Vat0,find V. pr=1(5.0.1) = (51.1)] =1
Solution: rn=10501) — (-3,4,0) =9
Let the potential at any point be Hence,
V=Vt V,
V.-V, = —P—Llnﬂ‘i'il:i—l]
where Vi, and V} are the contributions to V at that point due to the point charge and the o 2me, pPa 4w, [To  Ta
line charge, respectively. For the point charge, 5.10° V3 5.10° 11
) Q Tt .10‘9[5_51
Vo=—JE-dl=— 47'_Enrza,~dra, T 3w T Som
Q 0—\’A=—36ln\/5+45(l—l)
= +G 5 9
dwe r
or
For the infinite line charge,
or the infinite line charge, /= 3610 V2 — 4 = 8477V
PL ) ) ) . .
Vi= —J E-dl = —[ 2 a,-dpa, Notice that we have avoided calculating the constant C by subtracting one potential from
TEL another and that it does not matter which one is subtracted from which.
(b) IfV=100atB(1,2,1) and Vat C(—2,5,3) is to be determined, we find
. In P c;
27'5
pp=1(1,2,1)—(1,1,1)| =1
Hence,
p=1(1,2,1) = (=3,4,0)| =V21
V==L 1o+ +C ec=1(=2,53) = (=2,1,1)| = V20
2 dme,r
S e re=(-253) — (-3.4,0)| = V11
where C = C; + C, = constant, p is the perpendicular distance from the line y = 1, Vo V.o P Pc Q [1 _1
z = 1 to the field point, and r is the distance from the point charge to the field point. c BT oge, n s 4me, LTc T
(a) If v =0at0(0,0,0),and Vat A(5,0, 1) is to be determined, we must first determine V2o 1 )
the values of p and rat O and A. Finding r is easy; we use eq. (2.31). To find p for any point Ve =100 = —361n +45- [ﬁ_ ﬁ
(x, . z), we utilize the fact that p is the perpendicular distance from (x, y,z) to line y = 1,
z = 1, which is parallel to the x-axis. Hence p is the distance between (x, y,z) and (x, 1,1) = —50175V
because the distance vector between the two points is perpendicular to a,. Thus or
Ve=49825V
p=llxypz) - (x| =V -1+ (z-1)? ¢
) ) ) X (c) To find the potential difference between two points, we do not need a potential refer-
Applying this for p and eq. (2.31) for r at points O and A, we obtain ence if 2 common reference is assumed.
eo = 1(0,0,0) = (0,1,1)] = V2 Vae = Ve — Vy = 49.825 — 100
o= 1(0,0,0) = (=3,4,0)| =5 = —50175V
PRACTICE EXERCISE 4.11
A point charge of 5 nC is located at the origin. If V = 2 V at (0, 6, —8), find
(a) The potential at A(—3,2,6)
(b) The potential at B(1,5,7)
(c) The potential difference V,p
Answer: (a)3.929V, (b) 2.696 V, (c) —1233 V.

,__©
! =<I°sr+C )
o 5(10%) 45

I 10.6-9)= ] s)-ur-m._- v,= - 25 Voo 55-26967
10 B 2. 12, <2
i «10* — 475 I(-32.60)- (0.00) VTS
az <' »uo; = 39207

() Vig=Vy-V,=2696-3929=-1233V

2|Page
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EXAMPLE 4.12

Given the potential V = l—?— sin 8 cos &,
r

(a) Find the electric flux density D at (2, =/2, 0).
(b) Calculate the work done in moving a 10 pC charge from point A(1, 30° 120°) to
B(4,90°, 60°).

Solution:
(a) D=¢gFE
But
av 1aV 1 aV
=—-VW=—|—a +——ay + ——
[dra 7003' rsinf d&a‘]

20 10 10
=?sin0cos¢va,—7cosacoséa. +?sind:a,

At (2, 7/2,0),
20
D=¢E(r=20==%/2,6=0)= eo(?a,— Oa; + Ou)

2.1a,pC/m?
(b) The work done can be found in two ways, using either E or V.
Method 1:

= 2.5g,3,C/m* = 2

W=—QJE-dl or —LV=IE~dI
L Q J;

and because the electrostatic field is conservative, the path of integration is immaterial.
Hence the work done in moving Q from A(1, 30°, 120°) to B(4, 90° 60°) is the same as that

in moving Q from A to A", from A" to B’, and from B' to B, where

A(1,30°120°) B(4,90° 60°)
ddl=

A'(4, 30° 120°)

dl=rdfa

—

dra,

B'(4,90° 120°)

That is, instead of being moved directly from A to B, Qismoved fromA — A’, A" — B/,
B’ — B, so that only one variable is changed at a time. This makes the line integral much

easier to evaluate. Thus

Tdl=rsinfdda,

PRACTICE EXERCISE 4.12

Given that E = (32 + y)a, + xa,kV/m, find the work done in moving a —2 uC
charge from (0, 5,0) to (2, —1, 0) by taking the straight-line path.

(a) (0,5,0) = (2,5,0) =
(b) y=5—3x

Answer: (a) 12m], (b) 12 m].

(2,-1,0)

PRACTICE EXERCISE 4.13
An electric dipole of 100 a, pC - m is located at the origin. Find V and E at points

(a) (0,0,10)
(b) (1, /3, w/2)

Answer: (a) 9 mV, 1.8a, mV/m, (b) 0.45V, 0.9a, + 0.7794a, V/m.

@ 0100 —> (r=10.6=0. ¢=0) (&)
- ar 0.5 z ”)
_ IOOCOS? 102y = 10 —— =9 mV
476,(10%) art0
Ger 100c0s Z10™)
_ 100(10™) i T —_9
E=12000") 1) cos0a, +sin0a,] 47r( 0 )(1)_

10 3
41(=—)10
"Ger)
=1.8a, mV/m

3|Page

=045V

or

Method 2:

(j)__x_nljl daola
ooallare Jiisdygi
- igll Gls

Il

1
—6(WM, + Wop + Wyy)

(LA + ”)E.dl

J' 705m0cosd>d
r

r=1

-
Q

0=307,$=120
90+
—10 cos 6 cos
- -—(bde’
/ r’ r=4, =120+

-2(3)(F) =)

45
W=_1oQ=281254

Since V is known, this method is much easier.

(a)
-w

_[E odl = J'(sz +¥)dx+ xdy

13
W= Q[ E-dl- v,
Q(Vg— Vi)

10 10
10 (1—6 sin 90° cos 60° — Tsin 30° cos 120") -107¢

10 -5
10 (— - —) -107*

32 2
28.125 u] as obtained before
(b)

dv=-3dx

W R
——=|Eedl =|(3x +5-3x)dy+x(-3)dx
0 j . .of( x x)dx + x(—3)dx

2
=_[3\’ +y)dx | +I\’d1 | = 5
° - =[x —6x+5)dr=8-12+10=6
=18-12=6kV :
W=-60=12ml W=12ml
E=wolg—_(3n)(2cos£a,+sin§ao)
47’(—)(1)2

= 0.9a,+ 0.7794a, V/m
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PRACTICE EXERCISE 4.14
Point charges Q, = 1nC, Q,= —2nC, Q; =3nC, and Q, = —4nC are posi- AEIQ’/WI-;O
tioned one at a time and in that order at (0, 0,0), (1,0,0), (0,0, —1), and (0,0,1), | After o,. W, =

respectively. Calculate the energy in the system after each charge is positioned.

2 0
41e,/(1.0.0) - (0.0.0)|

1)Uy

-18 1]
Answer: 0, —18 nJ, —29.18 n), —68.27 nJ. 42l 04)%
After O; . After O,.
W, = Q;(Vy + Viy) + OV Wy= QuVy+ Vi + V) + Q;(Vy+ Vi) + Qi
-2 1 -2 3
=3 -° - - = - 49107 — +
e ){I(o.o.-z)- @00y @o-D-aoo) |~ 15 @) { ©000)-©000) " [000)-100) * [00D-w00-1 | "
el 2
= 27(1--=)-18 = -36(l-—=+2) + W,
( JE) ( NE) )
=-2918 1] = -39.09- 29.18 nJ = -6827nl
EXAMPLE 4.15
A charge distribution with spherical symmetry has density
o, = Por 0=r=R From part (a) V(r = R) = P .. Hence,
' 0, r>=R o .
) ) Rp°= RPD+C7—’ C-, Rp,
Determine V everywhere and the energy stored in region 7 < K. 3, 6s, 2¢e,
and
Solution:
The D field has already been found in Section 4.6D using Gauss’s law. V=L (3R - p)
6e,
(a) Forr = RE= °R3,a Thus from parts (a) and (b)
3e,r
3
Once E is known, V is determined as ﬁ, r=R
V= 3g,r
Po 2 _
v=—fE d,__PoR’f & 2 (3R - F),  r=R
3, r o
oo (c) The energy stored is given by
+C, r=R
3er 1 1 5
W= ;ID Edv— fE‘dv
Since V(r =) =0,C, = 0. Forr = R,
S Por -
(b) Forr = RE= e, a,. . - a,
Hence, enee
W= L2 r r Jh P+ sin 8 db d8 dr
V= _J‘ E-dl = —3—J’ rdr 950 re( 8 =0
: ) O
S =Py I 2R,
6g, © 18¢, 51 45¢,

PRACTICE EXERCISE 4.15

IfV=x—y+xy+2zV,find E at (1,2, 3) and the electrostatic energy stored in a
cube of side 2 m centered at the origin.

Answer: —3a, — 2a, V/m, 0.2358 n].

E=-VV=—(y+Da,+(1-v)a, -2a,
At(1.2.3). E=-3a,-2a. V/m

1 1 1 1
W= —5 jE o Edv %g j' j[ j (¥ +3? —2x+2y + 6)dvdvdz = e:o [J .\'Zd\’ﬂ.d\'d: + _[ _\'zdy” dxd= - 2_‘. .\'d.\'”. dyd=+2 J _\'d_v_U dxd= +6(2)(2)(2)}
] -1 -1 -1

Lo L
275

-1-1-1

80350 —02358 0

(7)(7)+ 0+0+ 6(8)}

4|Page



PRACTICE EXERCISE 4.10

4.10, find the potential at (—1, 5, 2), assuming V() = 0.

Answer: 10.23 kV.

If point charge 3 uC is located at the origin in addition to the two charges of Example

D = 5 Yo ( o, Y ") 1
X < G | J \ ’ 12
4&—%%%%_ 7=} C t
)
) |
XA a
£= & V= Co%ﬁ":‘zé' = & / =
qﬂ’{of" -\ [
=-2 L}~ = @
Q*lfrg,'*—-ﬂ—' Xp
[
Voo = Vovpe o L L
trt {o ra rga-
V= &
Y
v - | @ . e % e
: +
"”r{o L r4- ‘3 e 3
= 7 - - ) = 7
\(Cal - -y
\ Tl - < 40 '
0501427704/l e
‘ B ; Layit Jlal ¥ Sl Lals 31,Y |
\Cr [ - <5
\' ¢ I = \ 40
= r r —‘()( 2 gx = 3 -‘\
— -+ v
UTs L sz o o D
\a ,23 v




E— EXAMPLE 4.1

A point charge of 5 nC is located at (—3,4,0), while line y = 1, z = 1 carries uniform
chafge 2 nC/m. P

(a) IfV =!0 i?al 0(0,0,0), find Vat A(5,0,1).
(b) If V= VatB(1,2,1), find Vat C(—2,5,3).

(¢ fv=-5VatO, find Vy.

Solution:
Let the potential at any point be

V= VO + Vl

s — — C\nas
i) Vag= Vao-Va: — Ch o
—_— “aiie

2% A A
4&) )
P I - B S B
W L T )
/
—VD—V—VT—: -Y" nw j)A
Aline= V4~ 2 1M, Po

"

]

(W)
(U

EER 4
- , -
\‘CO\ - 5
N A S xvo r ‘ I 1
0501427704/4 3¢

Layats Jlal ¥ Ssial s Lsla 31,59
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PRACTICE EXERCISE 4.11

A point charge of 5 nC is located at the origin. If V = 2 V at (0, 6, —8), find

(a) The potential at A(—3,2,6)
(b) The potential at B(1,5,7)
(c) The potential difference V

Answer: (a)/3.929V, (b)‘2é6_‘96v. (c) —1.233 V.

o

Vv :»%FL—@I/

= - K —Q,— _ar
O "”TZ))’(“
. -9 QL e
2
Ul §p ¢
== \"_;l__'\ = mr [t C
W1réo L~ 2 umgsr (T &)
YQ: C o ¢, 3 )"‘(Q,)U,I‘)
A3 V4 V4
( 2,64 _%
! 7 Yo = (o, &
7%
2=
41 <o (\o) (\f‘ ) = \o
C~=~ —'2-15
a)
y = 6 —2;‘;’:
iTéo (2)
Ya=(-2,2,6) —(o,0,0)

¢) VAR = Vg -Ya:z 2,606_3,929 -"2%

0501427704/l ssc.a
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EXAMPLE 4.12 $\9“‘ AR

/0
- Given the potential V { l_r? sin @ cos cb.>

(,ff. Find the electric flux density D at [2, #/2,0).
(b) Calculate the work done in moving 710 uC charge from point AE[ 30°, 120°) to
B(4, 90°, 60°).

C

—_\2V ~

-~
— Vv v F

&)

A=Aa +Aa, + Aa,
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PRACTICE EXERCISE 4.12

Given that E = (3x* + y)a, + xa,kV/m, find the work done in moving a —2 uC
charge from (0,5,0) to (2, — lO)byMnngtbestmghlhnepdh.

@ (®5,0) = (2.5.0) 4@
(b) y=5—-3x

Answer: (a) 12 mJ, (b) 12 m].

a)
[@1610) :»Q%gl[’ S|
:'_‘2"4\-( x X x 1
é\r:éi " W= \2 ‘,A»vo g
, ) [2- 1 ,0)
( 2,9 ,9’ !
éL:}‘-’\
d
\9) ('\ Prad I[
W= —Q Y b dlb -
-6 2
= 2 X\e +t )
(o]
(]
‘A:(&-SX'
| Ot
= K
0501427704/l sse.a

Loy Jlal ¥ S 5iall Lala 31y
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EC ectromagnetics

_[©1Q2
4nmeR2 R
F Q
===V =
5= ameR? R
D=¢E

Y = Qenc = §SD +dS (integral)

pp=V:D (differential)
e Q
V_4nsr_4rre|r—r‘|+c
p-r-r)
Vi) = ———— 4 C
™ 4ne |r—1r|3
= prar
4me r?
W= ﬁl_ E-dl=0 (integral)
VXE=0 ifferent]

ne?t
——E=0E
n
____=pcl
I fgy-ds S
Pps =Pray
Ppv =\
_ o
T

Exe = Eze, Din — Don = ps
or Dln = DZn ( lrps = 0)

r. Yazan Allawi (YMAIllawi@ pnu.edu.sa)

Table - 5: Electrostatics Relations

Force (N)

(point charge)

Electric field intensity
(point charge) (V/m) (N/C)

Electric flux density (C/m?)
Gauss's law

(first Maxwell’s equation)
Potential at r due to point
charge O (centered at 1)

Potential at r due to dipole with
moment p (centered at 1)

Potential at r due to dipole with
moment p (centered at origin)
Kirchhoff's law

second Maxwell’s equation)

Permittivity of free space: & = 8.854 X 107'? ~ 107?/36m F/m. Permittivity of Dielectric: & = gy, F/m.

Q N Qulr—ro)

= ——
4 ] |r — 7l

N

_ 1 Qk(r—rk)
T aneldy r—rild
«’nrek_l |r—rgl

1p=f|)-ds
S
B
W=V,_=—Q] E-dl=—fl-‘.-dl+c
Aw L
VAB=VB_VA=_=—fs.dI
Q L

n
1
Wg = EZ Qi Vi
k=1

S :
E= vy | (2cosf a, +sinf ay)

1 1
WE=EID-Ed|7=Ef£|E|2d|7
v P

a0Vl daols
aallasc Cisdygli

| auls

Force (N)

(superposition)

Electric field intensity
(superposition) (V/m) (N/C)

Electric flux (C)

Total work (J)

(potential energy)

Potential difference (J/C =V)
Electrostatic energy (J)

due to » point charges

Intensity due to dipole at
origin: p = |p| = Qd
Electrostatic energy (J)
(continuous volume charg

Current density (A/m-)
o conductivity (O/m) (S/m)

Resistance (uniform) Q

pe = 1/0 : resistivity

Bound (or polarization) surface
and volume charge densities

Continuity equation

Boundary conditions
(Dielectric- Dielectric)

g0,

‘,?:=J .dS
@ J)

P=v1=12R=fE-|du
v

P = xe&E
£
T = =

D, =€E, =0, D,=¢E,=p;

Current (A) T
Power (uniform) W 9

Polarization intensity (C/m?)
Xe = & — 1 : susceptibility

Relaxation time (sec)

Boundary conditions
(Conductor- Dielectric)

tanf; &4 - Boundary conditions
v f_rz Law of refraction Dy = goE; =0, Dyp = &Epn = ps (Conductor- Eree)
V:eVV = —p,  (inhomogeneous) ) ) )
V2y = — 2 Qicetoaenecnss) Poisson’s equation Vv =0 Laplace’s equation
% 2
c Q s Capacitance (F) RC=Z RC relati
=—==— apacitance == relation
V. [,E-dl a
€S _2mel
= e Parallel-Plate capacitance (F) - : b Coaxial capacitance (F)
llH
4me
C= e covt s o Isolated sphere
%_11; Spherical capacitance (F) 4ne a capacitance (F)
\/-/Line— Surface Volume Unit
Total charge Q = fpz. dl fps as fpv dv = Qenc C
L N v
Field intensity E = pual a ps dS = pv dv a
(finite charge distribution) L 4me R? o s 4me R? R p4me R? N N/C
PL Q or
Field intensity E = nep P p—sa,, =Rl (V/m)
(infinite charge distribution) p : distance to field point 2¢ same as of a point charge
r
L =pody, 0<r<a C/m (line)
Field density D = S Ps 3 P
(using Gauss's law) 2np 2 an a® C/m?? (surface)

3|Page

mpoar. r2a

C/m’? (volume)
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PRACTICE EXERCISE 4.13

An electric dipole of 100 a, pC - m is located at the origin. Find V and E at points
@ (0,0,10) —S—C=Ne Oz, -
(b) (1, w/3.g/27“"¢

Answer: (a)9 mV" mV/m, (b) 045V, 090, + 0.7794a, V/m.

(\-9 E\CJS@ /'1/’?

—E:}_,) Zﬂ——[’?COSGQf-r gmeca]

&) N =
2
YT G ¢ Ui &
—
Ve P ces® o[ eem it J 2¢o60 a7 wsm0
YT 55 (2 ‘T %o (10)°
T\ 8 4t m VIm
- \_ofoy'\o ce)soq ~ z oV
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PRACTICE EXERCISE 4.14

Point charges Q, = 1nC, Q,= -2nC, Q; =3nC, and Q, = —4nC are posi-
tioned one at a time and in that order at (0, 0,0), (1,0,0), (0,0, —1), and (0,0, 1),

respectively. Calculate the energy in the system after €ach charge is positioned.

Answer: 0, —18 n), —29.18 n), —68.27 n).
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PRACTICE EXERCISE 4.15

cube of side 2 m"centered at the origin.
Answer: —3a, — 2a,V/m, 0.2358 nJ.
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EXAMPLE 4.15
A charge distribution with spherical symmetry has density

NP 0=r=R
Py r =R

= »

Determine V everywhere and the energy stored in regionr < K.
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